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Spatial correlations play an important role in characterizing material properties related to non-
local effects. Inter alia, they can give rise to fluctuation-induced forces. Equilibrium correlations in
fluids provide an extensively studied paradigmatic case, in which their range is typically bounded
by the correlation length. Out of equilibrium, conservation laws have been found to extend corre-
lations beyond this length, leading, instead, to algebraic decays. In this context, here we present a
systematic study of the correlations and forces in fluids driven out of equilibrium simultaneously by
quenching and shearing, both for non-conserved as well as for conserved Langevin-type dynamics.
We identify which aspects of the correlations are due to shear, due to quenching, and due to simulta-
neously applying both, and how these properties depend on the correlation length of the system and
its compressibility. Both shearing and quenching lead to long-ranged correlations, which, however,
differ in their nature as well as in their prefactors, and which are mixed up by applying both per-
turbations. These correlations are employed to compute non-equilibrium fluctuation-induced forces
in the presence of shear, with or without quenching, thereby generalizing the framework set out by
Dean and Gopinathan. These forces can be stronger or weaker compared to their counterparts in
unsheared systems. In general, they do not point along the axis connecting the centers of the small
inclusions considered to be embedded in the fluctuating medium. Since quenches or shearing appear
to be realizable in a variety of systems with conserved particle number, including active matter, we
expect these findings to be relevant for experimental investigations.
I. INTRODUCTION
Long-ranged correlations (LRCs) play an important
role in both the static and dynamic properties of many-
body systems [1–3]. For example, they can generate
so-called fluctuation-induced forces [4]. The latter have
been studied and observed in the setting of electromag-
netic fields [5, 6] or in classical systems [7–14]. A promi-
nent example, in which LRCs occur, is a system near a
second-order phase transition. In anisotropic systems,
asymmetric objects may also experience Casimir torques
[15].
In out-of-equilibrium systems LRCs are more com-
mon [16]; they are typically related to conservation
laws (e.g., conserved particle number or momentum),
as demonstrated in various systems [17–21]. These non-
equilibrium LRCs, in turn, give rise to associated non-
equilibrium fluctuation-induced forces. Such forces have
been studied theoretically for systems with gradients in
temperature [22–24] or density [25], quenched systems
[26, 27], stochastically driven systems [28], in systems
under shear [29, 30], and within fluctuating hydrody-
namics [31].
∗ crohwer@is.mpg.de
Here, we aim at studying correlations and forces in
fluid systems undergoing up to two non-equilibrium per-
turbations simultaneously, i.e., shearing and quench-
ing. In pursuit of correlations which extend far beyond
microscopic length scales, we resort to the well-known
coarse-grained dynamical models: “model A” (describ-
ing a non-conserved field) and “model B” (describing a
conserved field) [2, 32]. These models have been ap-
plied extensively in describing various dynamical sit-
uations, e.g., the approach of the critical point from
non-equilibrium initial conditions [33–36], the coarsen-
ing following a temperature quench [37, 38], or for driven
systems at criticality [39, 40]. They have also been used
to study shearing of near-critical fluids [41–47], leading
to a large variety of phenomena.
The use of such models provides generic scenarios,
which we expect to be relevant for physical systems
which allow for shearing and/or quenching. Shear is
directly experimentally accessible [48]. Quenches can
also be realized, for instance by using effective interac-
tions of particles which can be changed suddenly, e.g.,
by swelling particles [49] or through external fields [50].
Another type of quench concerns a sudden change of
temperature, which is a perturbation often employed in
order to obtain supercooled liquids [51]. Such quenches
of temperature (or of noise strength) may be achieved
experimentally also in active fluids [52–54], which in
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2many respects can be described by the use of effective
temperatures [27, 55, 56].
The manuscript is structured as follows. In Sec. II
we begin with a detailed description of the system as
well as of the model under consideration. Post-quench
correlations in the absence of shear are briefly reviewed
in Sec. III. In Sec. IV, this is followed by an analysis of
the effect of conservation laws on steady state correla-
tions of weakly sheared systems. The case of dissipa-
tive dynamics is discussed in Sec. IVA, while Sec. IVB
deals with conserved density fluctuations. The depen-
dence of the (equal-time) correlation function on space
and time is computed for model B in Sec. V. Using the
formal solution derived in Sec. VA, this quantity can
be determined analytically in certain limits (Sec. VB).
Correlations between points advected by the shear field
are discussed in Secs. VB2 and VC for various limiting
cases. Section VI presents a formalism for computing
non-equilibrium fluctuation-induced forces in the pres-
ence of quenching and shearing. This extends the frame-
work of Ref. [35] to include shear. While this formalism
holds for various geometries which do not couple to the
shear flow, such as films formed by parallel plates, it
is employed in Sec. VIB in order to compute forces be-
tween small inclusions embedded in steadily sheared sys-
tems, as well as for dynamic post-quench forces (PQFs)
under shear (Sec. VIC). In Table I we provide a glossary
of commonly used quantities.
II. PHYSICAL SYSTEM AND MODEL
A. Coarse-grained model: equilibrium properties
Aiming at the analysis of correlations in classical flu-
ids, which extend far beyond microscopic length scales,
we employ classical field theory based on the Landau-
Ginzburg theory for a scalar order parameter field φ
[1, 2]. With a one-component fluid in mind, φ describes
density fluctuations φ(x, t) = ρ(x, t) − 〈ρ(x, t)〉, where
ρ(x, t) is the (snapshot) number density distribution. In
the case of binary liquid mixtures (in the mixed state),
ρ(x, t) corresponds to a local concentration of the par-
ticles. The vector x is a d-dimensional position vector,
and t denotes time. Thermodynamically far from phase
transitions, a Gaussian Hamiltonian H is expected to
capture the leading influence of the fluctuations. Thus
we consider
H =
∫
ddx
[κ
2 (∇φ)
2 + m2 φ
2(x)
]
, (1)
which induces a (bulk) correlation length ξ =
√
κ/m. In
thermal equilibrium and for d > 2, the Hamiltonian in
Eq. (1) gives rise to the following two-point correlation
function [2]:
〈φ(x)φ(0)〉eq = kBT
m

|x|2−d
(2−d)Sdξ2 , |x|  ξ
ξ−(d+1)/2e−|x|/ξ
(2−d)Sd|x|(d−1)/2 , |x|  ξ,
(2)
where Sd = 2pi(d+1)/2/Γ(d+12 ) is the surface area of a d-
dimensional unit sphere. T is the temperature and kB
is the Boltzmann constant. For systems far away from
phase transitions, ξ is small so that the lower line in
Eq. (2), i.e., |x|  ξ applies. In this regime, the correla-
tion function decays exponentially as a function of x/ξ.
(Here we do not consider the presence of long-ranged
forces such as van der Waals forces, which asymptoti-
cally give rise to an algebraic decay even for |x|  ξ.)
Within the Gaussian approximation, m in Eq. (1) can
be expressed in terms of the isothermal compressibility
χT = −(∂V/∂P )T /V [57–59] (V is the system volume):
m = 1
ρ20χT
, (3)
where ρ0 is the mean bulk density.
B. Dynamical description with shear
1. Equations of motion
The dynamical description employed here is based on
the Hamiltonian given in Eq. (1) and on Langevin equa-
tions for the field φ within model A and model B [32].
These models consider non-conserved and conserved dy-
namics, respectively. As far as shear is concerned, we
consider a simple shear velocity profile v, so that any
feedback effects of the field φ onto the velocity profile,
as well as fluctuations of v, are neglected (in contrast
to model H [1], which includes these couplings). Using
v = γ˙yex with shear rate γ˙ ≡ ∂vx/∂y [48], the Langevin
equation reads
∂tφ+ γ˙y
∂φ
∂x
= µˆ(κ∇2 −m)φ+ η(x, t), (4)
where the white noise obeys the spatio-temporal corre-
lations
〈η(x, t)η(x′, t′)〉 = 2µˆkBTδ(x− x′)δ(t− t′). (5)
The mobility operator µˆ encodes whether φ is conserved
or not:
µˆ =
{
µA, model A,
−µB∇2, model B. (6)
We note that the coefficients µA/B carry different di-
mensions. Defining the Fourier transform F as f(k) =
3Quantity Description Definition in
µA/B mobility coefficient for model A/B Sec. IIA
ξ inherent (equilibrium) correlation length of the fluid Sec. IIA
m “mass” / compressibility coefficient Sec. II A
D diffusion coefficient: D = µAmξ2 (model A) or D = µBm (model B) Eq. (14)
γ˙ shear rate of imposed flow with v = γ˙yex Sec. II B
TI , T temperatures before (t < 0) and after (t ≥ 0) the quench, respectively Sec. III
`t =
√
Dt diffusion-induced length scale Sec. II B 3
λ =
√
D/γ˙ shear-induced length scale Sec. II B 3
φ(x, t) fluctuations of the density ρ(x, t) about its mean value 〈ρ(x, t)〉 Sec. IIA
C(x, t) equal-time correlation function of φ(x, t) in the bulk Eq. (13)
|x| distance between points in bulk; observation length scale for correlations Eq. (13)
x0, x(t) vector between two fixed or two co-moving points in the shear flow, respectively Sec. VB2
a(u) for any vector u = (ux,u⊥), a ≡ |u⊥|/|x| Sec. VB2
Ω(x)α = (xˆ)α α-component of the unit vector xˆ = x/|x| Eq. (23)
t∗` = Dt/`2 dimensionless diffusive time across the distance ` ∈ {|x|, |L0|} Eq. (17)
L vector connecting two stationary (L = L0) or co-moving (L = L(t)) inclusions in shear flow Sec. VI
λ˜, ξ˜ λ, ξ rescaled by |x| (correlation functions) or |L0| (forces) Eq. (24), Sec. VI
FA/B(t→∞) steady-state force (in model A/B) between two inclusions in shear flow Sec. VIB
Fs(L0, t) post-quench force (PQF) between two stationary inclusions separated by L0 Sec. VIC 2
Fc-m,γ˙(L(t), t) PQF between two co-moving inclusions in a sheared fluid Sec. VIC 3
Fc-m,0(L(t), t) PQF between inclusions following the co-moving trajectory L(t), but fluid is unsheared Sec. VIC 3
Table I. Glossary of the quantities most frequently used in the present study.
F [f ](k) = (2pi)−d ∫ ddk exp(ik · x)f(x), Eqs. (4) and
(5) can be expressed in Fourier space:
∂tφ(k, t) = Oˆ(k, {∂ki})φ(k, t) + η(k, t),
〈η(k, t)η(k′, t′)〉 = 2(2pi)dµkkBTδ(k + k′)δ(t− t′), (7)
where we have introduced the operator
Oˆ(k, {∂ki}) ≡ γ˙kx∂ky − µk(κk2 +m) (8)
and represented µˆ(x) from Eq. (6) in terms of its spec-
trum
µk =
{
µA, model A,
µBk
2, model B.
(9)
The quantity of our interest is the time-dependent struc-
ture factor C(k, t). It is defined as
〈φ(k, t)φ(k′, t)〉 ≡ (2pi)dδd(k + k′)C(k, t). (10)
C(k, t) depends on time because the system is out of
equilibrium. It is evaluated at equal times, and evolves
according to
∂tC(k, t) = 2Oˆ(k, {∂ki})C(k, t) + 2kBTµk, (11)
which has the general solution
C(k, t) =e2tOˆ(k,{∂ki})C(k, t = 0)
+ 2kBT
∫ t
0
ds e2(t−s)Oˆ(k,{∂ki})µk, (12)
where C(k, t = 0) is the structure factor at t = 0. Im-
portantly, Oˆ(k, {∂ki}) comprises powers of ki and ∂ki
with i = 1 . . . d, and therefore the exponents must be
expanded using the Zassenhaus formula [60]. Expres-
sions such as in Eq. (12) have been discussed in the lit-
erature — see, e.g., Refs. [41–46]. (We note that there
are discrepancies of a factor of 2 among the latter refer-
ences regarding the coefficients of the terms in Eq. (11).
According to our derivation, Eq. (11), which follows di-
rectly from the Langevin Eq. (7), fixes these constants
via Eq. (8).) However, our aim is to obtain explicit ex-
pressions in position space: using Eqs. (10) and (12),
the time-dependent equal-time correlation function
C(x, t) ≡ 〈φ(x, t)φ(0, t)〉 (13)
can be found by Fourier inversion. Here |x| is the dis-
tance in the bulk between two points the correlation of
which is being considered.
2. Quenching at t = 0
We consider the dynamics defined by Eqs. (4) and
(5) subject to a quench at time t = 0; this amounts
to a sudden change of one or more of the parameters in
these equations. For instance, this parameter can be the
temperature T . Such a description in terms of instan-
taneous changes of parameters is based on the assump-
tion that processes at small length scales relax on short
time scales, so that the mesoscopic parameters rapidly
attain their new values. Thus, in the general solution
given by Eq. (13), the first term on the rhs depends on
the parameter values before the quench (in the following
4denoted with subscript I), while the second term on the
rhs depends on the parameter values after the quench
(for which no subscript is used).
Physically, the parameters in Eqs. (4) and (5) are in
general not independent; for example, a change in tem-
perature may also change the coefficent m via Eq. (3).
However, we treat these quantities as being indepen-
dent, thereby allowing for a wide variety of quenching
scenarios.
Regarding Eq. (2), we note that, in the absence of
shear, the correlation function depends on the ratio
kBT/m and on the correlation length ξ. Therefore a
quench induces a non-equilibrium, transient dynamics
if one of these parameters is changed.
3. Important length scales
It is useful to introduce the collective diffusion coeffi-
cient D [61], which follows from Eq. (4):
D =
{
µAκ = µAmξ2, model A,
µBm, model B.
(14)
We recall that, in model A, D vanishes in the limit ξ →
0, because in the absence of correlations, the relaxation
mechanism of model A is local and not diffusive. D
gives rise to two length scales:
λ =
√
D/γ˙ and `t =
√
Dt. (15)
Here λ is the length scale on which shear and diffu-
sion have comparable effects, i.e., regions with |x|  λ
are diffusion-dominated, while regions with |x|  λ are
shear-dominated. The quantity `t is the typical distance
covered by diffusion within the time t.
Thus the Langevin equation (4) depends on the length
scales |x|, `t, λ, and ξ, where |x| is the observation scale
of a given observable. Regarding notation, we shall em-
ploy vectors x when referring to points in the bulk, and
vectors L when denoting vectors connecting external
objects immersed in the fluid (e.g., for computing forces
between certain objects in Sec. VI).
III. QUENCH IN THE ABSENCE OF SHEAR
Here, we briefly recall the main findings of Refs. [26,
27], in which quenches in the absence of shear were stud-
ied.
The explicit evaluation of Eqs. (12) and (13) for γ˙ = 0
yields, within model B and to leading order in ξ (recall
that indices I denote parameters before the quench),
〈φ(x, t)φ(0, t)〉 =
[kBTI
mI
− kBT
m
] 1
|x|d
e−
1
8t∗
(8pit∗)d/2 . (16)
The dimensionless quantity
t∗|x| = Dt/|x|2 = `2t/|x|2 (17)
is obtained by rescaling time by the diffusive time scale
across the distance |x| [see Eq. (15)]. Equation (16)
shows that a quench gives rise to non-equilibrium LRCs,
which, by virtue of their algebraic spatial decay, extend
beyond the correlation length ξ. These LRCs are, to
leading order in ξ, independent of ξ. The rescaled time
[compare Eqs. (16) and (2)] illustrates that `t =
√
Dt
plays the role of a time-dependent correlation length.
For long times, the correlation function in Eq. (16) de-
cays algebraically in time, as the system approaches the
new equilibrium state.
The result within model A is qualitatively different in
that the range of the correlations is restricted by ξ, so
that for |x|  ξ, de facto no correlations are present.
Therefore the conservation law associated with model
B is the key ingredient which explicitly gives rise to the
aforementioned non-equilibrium LRCs.
IV. PERTURBATIVE ANALYSIS OF WEAK
SHEAR IN STEADY STATE
Having reviewed the quenching process without shear
in Sec. III, we proceed by analyzing the case of shear
without quenching, i.e., the case of a steadily sheared
system.
A. Non-conserved density fluctuations: model A
Since solving Eq. (11) for arbitrary γ˙ is challenging,
we treat shearing perturbatively, i.e., we expand the cor-
relation function according to
C = C(0) + γ˙C(1) +O(γ˙2), (18)
with C(0) and C(1) evaluated at γ˙ = 0, i.e., without
shearing. Such an expansion is valid if the length scale
λ in Eq. (15) is the largest one to be considered, i.e.,
λ {|x|, `t, ξ}. (19)
Thus, the above expansion in terms of powers of the
shear rate is valid for small observation scales |x|, short
times t, and small correlation lengths ξ. Since here we
consider steady states (i.e., times long after the quench),
5`t in Eq. (19) is replaced by `τ , where τ is the time scale
for the relaxation of density fluctuations in the system.
The structure factor C(k, t) obeys the differential
equation (11) with µk = µA, and the steady state can
be obtained from the limit t→∞. C(0) is found as [2]
C(0)(k, t→∞) = kBT
κk2 +m. (20)
Fourier inversion of Eq. (20) yields Eq. (2) above.
The contribution linear in γ˙ follows from re-
inserting Eq. (20) into Eq. (11), yielding C(1) =
kx
µA(κk2+m)∂kyC
(0), i.e.,
γ˙C(1)(k, t→∞)
kBT
= − γ˙κ
µA
2kxky
(κk2 +m)3
. (21)
In d = 3, this can be Fourier-inverted, yielding
γ˙C(1)(x, t→∞)
kBT
= γ˙16piκ2µA
xy exp
(
− |x|√m/κ)
|x|
= Ω
(x)
x Ω(x)y
16pim
e−1/ξ˜
λ˜2ξ˜2
1
|x|3 . (22)
Here
Ω(x)α = xα/|x| (23)
is the α-component of the unit vector xˆ = x/|x|. In
d = 3, for instance, Ωx = sinϑ cosϕ, Ωy = sinϑ sinϕ,
and Ωz = cosϑ, in terms of the polar (azimuthal) angle
ϕ ∈ [0, 2pi] (ϑ ∈ [0, pi]). We have also introduced the
rescaled lengths
ξ˜ = ξ/|x| and λ˜ = λ/|x|. (24)
(In Sec. VI, where we shall study external objects (ini-
tially) separated by a vector L0, Ωα refers to the angles
of L0, and the quantities ξ˜ and λ˜ are understood to be
scaled by |L0| instead of |x|.)
Equation (22) illustrates that shear induces a correc-
tion to Eq. (2), which, just as the equilibrium result, de-
cays exponentially on the length scale ξ, so that shear
amounts to a quantitative, but not qualitative correc-
tion. Note, however, that the algebraic prefactors of
e−1/ξ˜ for C(0) and C(1) are given by |x|−1 and |x|−3,
respectively. Furthermore, this correction vanishes for
ξ→∞. It is worth noting that for model A this limit
does not contradict Eq. (19), because λ = ξ
√
µAm/γ˙ is
proportional to ξ.
B. Conserved density fluctuations: model B
In the case of model B dynamics, C(k, t) obeys
Eq. (11) with µk = k2mµB . The expression for zero
shear is identical to Eq. (20), reflecting the fact that
the choice of the dynamic model has no influence on
the equilibrium (Boltzmann) distribution. The term
linear in the shear rate follows from the perturbative
expansion of Eq. (18), which in this case gives C(1) =
kx
µBk2(κk2+m)∂kyC
(0), i.e.,
γ˙C(1)(k, t→∞)
kBT
= − γ˙κ
µB
2kxky
k2 (κk2 +m)3
. (25)
As above, this expression can be Fourier inverted ana-
lytically for d = 3 [62], yielding
γ˙C(1)(x, t→∞)
kBT
= Ω
(x)
x Ω(x)y
pim|x|3
e−1/ξ˜
λ˜2
×
[3(e1/ξ˜ − 1) ξ˜
2 −
3ξ˜
2 −
3
4 −
1
4ξ˜
− 1
16ξ˜2
]
. (26)
We recall from Eq. (2) that equilibrium correlations de-
cay exponentially for |x|  ξ. In stark contrast, the
correlations in Eq. (26) extend beyond ξ, decaying alge-
braically. Accordingly, shear is a qualitative correction,
in contrast to the above findings for model A. In order
to illustrate this further, we consider the limit of small
ξ˜ = ξ/|x|, i.e., ξ˜  1:
γ˙C(1)(x, t→∞) ξ˜→0−→ kBT 3Ω
(x)
x Ω(x)y
2pimλ˜2|x|3 ξ˜
2. (27)
The latter result exhibits again the aforementioned dif-
ference to Eq. (22) in that it is scale-free with respect
to |x|. However, it is also structurally distinct from
Eq. (16) in that it carries ξ as a prefactor.
The expression in Eq. (26) diverges for ξ→∞, which
in this limit points to a non-analytic dependence on
γ˙ [61]. Indeed, Eq. (19) requires ever smaller values
of γ˙ in order for Eq. (26) to remain the leading term.
This is in contrast to model A, for which λ increases
with ξ.
V. QUENCH AND SHEAR
In Secs. III and IV the effects of quenching and shear-
ing were discussed separately. Here, we shall analyze
their combined effects. Since in model A no post-quench
LCRs are found, we restrict our studies to model B
throughout. As before, quantities before the quench
are denoted with subscript I, and parameters after the
quench carry no subscript.
6A. Formal solution
The formal solution given in Eq. (12) yields
C(k, t) = Ξ[kγ˙(t)]C(kγ˙(t), 0;TI)
+ 2µBkBT
∫ t
0
ds Ξ[kγ˙(t− s)]k2γ˙(t− s), (28)
where we have introduced the advected wave-vector
kγ˙(t) = (kx, ky + 2tγ˙kx, kz) (29)
and the function
Ξ[kγ˙(t)] =
exp
{
− 2µBt
[
k2(κk2 +m) + 2tγ˙kxky
(
m+ 2κk2
)
+ 43k
2
xt
2γ˙2(m+ 2κ(k2 + 2k2y)) + 8t3γ˙3κk3xky
+ 165 t
4γ˙4κk4x
]}
. (30)
The first term on the rhs of Eq. (28) represents the
relaxation of the initial equilibrium correlations, with
C(k, 0;TI) = kBTI/[κIk2 +mI ]. In the absence of
a closed solution of the Fourier inversion of Eq. (28),
we shall analyze this expression in various limits. For
|x|/ξ = ∞, Eq. (28) can be inverted analytically, as
discussed in Sec. VB. Subsequently, we shall provide
perturbative expressions for finite but large values of
|x|/ξ in Sec. VC.
B. Explicit solution in the limit |x|/ξ =∞
1. Correlations between spatially fixed points
In the limit of a large observation length scale relative
to ξ, i.e., |x|/ξ →∞, the terms k2κ in the time integral
in Eq. (28) [see also Eq. (30)] can be dropped, and the
integral can be carried out explicitly. We find (with
D = µBm)
C(k, t) =kBT
m
+
(
kBTI
mI
− kBT
m
)
×
exp
[
−2Dt(k2 + 2tγ˙kxky + 43 t
2γ˙2k2x)
]
. (31)
This expression can be Fourier-inverted, yielding a result which is valid in any order of the shear rate (for
|x|/ξ →∞, we drop the first term in Eq. (31), which amounts to a local contribution ∝ δ(d)(x)):
C(x, t) =
(
kBTI
mI
− kBT
m
) exp(− 3|x|2−6γ˙txy+γ˙2t2[3y2+|x⊥|2]24Dt+8γ˙2Dt3 )
(8piDt)d/2
√
1 + γ˙2t2/3
. (32)
Here x⊥ is the component of x perpendicular to the flow direction ex. We note that C has precisely the functional
form of the probability density of a particle diffusing in shear flow [compare, e.g., Ref. [61]]. Equation (32) differs,
however, in that here the time is twice as large. This is because C follows Eq. (11), which carries an extra factor
of two compared to the diffusion equation. (This is a generic observation when comparing dynamics of a stochastic
variable and its correlation function.) The prefactor in Eq. (32) shows that this long-ranged contribution is absent
without a quench. C(x, t) in Eq. (32) illustrates how the quench-induced correlations provided in Eq. (16) are
distorted by shear. We rewrite Eq. (32) in terms of the time scale t∗ = Dt/|x|2 [see Eq. (17)], the length scale
λ˜ = λ/|x|, and the angular variables Ωα ≡ Ω(x)α [see Eq. (23)]:
C(x, t)
kBTI/mI − kBT/m =
exp
(
− 3−6λ˜
−2t∗ΩxΩy+λ˜−4(t∗)2[3Ω2y+Ω2⊥]
24t∗+8λ˜−4(t∗)3
)
|x|d(8pit∗)d/2
√
1 + (t∗)2 /3λ˜4
=
exp
(
−λ2
`2t
3(x2+y2)/λ2+(xy/λ2)(`2t/λ
2)+(3y2+|x⊥|2)/λ2(`4t/λ4)
3+`4t/λ4
)
λd(8pi)d/2(λ/`t)d
√
1 + `4t/3λ4
'

e
− 18t∗
(8pit∗)d/2
[
1
|x|d +
ΩxΩy
4|x|d λ˜
−2 + (Ω
2
x−4t∗)(4t∗+3Ω2y)
1536
√
2|x|dpi3/2(t∗)3/2 λ˜
−4
]
, λ {`t, |x|},
e
−
3Ω2y+Ω
2
⊥
8t∗
(8pit∗)d/2
[ √
3
|x|dt∗ λ˜
2 + 3
√
3ΩxΩy
4|x|d(t∗)3 λ˜
4
]
, λ {`t, |x|}.
(33)
Here, in the final step, we have expanded the expression for λ {`t, |x|} (i.e., linear response in γ˙) and λ {`t, |x|}
(strong shear), and used Ω2⊥ = Ω2y + Ω2z in d = 3. At zero shear (γ˙ = 0), the correlations of Eq. (16) are recovered.
7In steady state, C(x, t→∞) vanishes. Equation (33) shows that the correlation between two points after a quench
depends on the orientation of the vector connecting them (relative to the shear velocity v). Equation (33) is
illustrated in Fig. 1 for certain choices of parameters, where the functional form in the second line of Eq. (33) was
used.
Figure 1. The post-quench correlation function from
Eq. (33) [see, in particular, the 2nd line] in units of
(kBTI/mI − kBT/m)/λ3 for d = 3 and z = 0, i.e., x⊥ =
(y, z = 0) [see also Eq. (32)]. Since `t =
√
Dt/|x| and
λ =
√
D/γ˙, the four different surfaces represent different
values of
√
γ˙t = `t/λ. At later times (i.e., larger values of
`t), the amplitude of the correlation function is stretched by
shear (relative to the symmetric form at early times). The
vertical axis is truncated, because the limit `t → 0 is (in-
finitely) sharply peaked.
2. Correlations in the frame co-moving with shear
It is instructive to consider two points which are
advected by shear flow, i.e., separated by the vector
x(t) = x0+vt = x0+y0γ˙tex, because this is the natural
trajectory of a particle in flow. The corresponding post-
quench correlations in the co-moving frame (as indicated
by subscript “c-m”) can be inferred from Eq. (32); for
d = 3 we find
C
(d=3)
c-m
kBTI
mI
− kBTm
=
exp
(
− |x0|2+γ˙2t2|x⊥0 |2/38Dt(1+γ˙2t2/3)
)
(8piDt)3/2
√
1 + γ˙2t2/3
=
exp
(
− 1+a(t∗)2/3λ˜48t∗[1+(t∗)2/3λ˜4]
)
(8pit∗)3/2|x0|3
√
1 + (t∗)2/3λ˜4
. (34)
Here x⊥0 = (y0, z0) labels the components of x0 perpen-
dicular to the shear direction ex, with a ≡ |x⊥0 |/|x0|. In
the last line, t∗ is an abbreviation for t∗|x0| = Dt/|x0|2
[see Eq. (17)], i.e., we rescale time by the time scale of
diffusion across the initial separation |x0| 6= 0.
Figure 2 compares Eq. (34) with the following expres-
sions:
(i) The two-point correlation function of Eq. (16), i.e.,
for the system without shear and evaluated at a distance
|x0| between the two points, as given by the curve with
λ˜ =∞. We note that, especially at early times, the cor-
relations of Eq. (34) can be larger than the ones of the
corresponding quiescent system, even though the cor-
relations are taken between points at larger distances.
The maximum of the curve can be tuned by choosing
a = |x
⊥
0 |
|x0| ∈ [0, 1]. However, at late times shearing speeds
up the decay of correlations. While equilibrium corre-
lations decay as (t∗)−3/2, the curve corresponding to
Eq. (34) decays as (t∗)−5/2 [see Fig. 2 (b)].
(ii) The correlation function of an unsheared fluid af-
ter a quench [see Eq. (16)] evaluated at the distance
|x(t)|. This result, which still depends on γ˙ (and thus
λ˜) via x(t), illustrates the effect of moving the obser-
vation points along a “shear trajectory”, in contrast to
shearing the medium itself. These correlations are in
general weaker than those resulting from Eq. (34), and
exhibit a qualitatively different behavior in that they
decay exponentially at late times. The latter occurs be-
cause, for any finite a, the two points move apart faster
than the diffusion of the correlations. For a → 0, the
correlations between co-moving points in the unsheared
system collapse onto the curve corresponding to λ˜ =∞,
because in this limit x(t) → x0 ∀t, i.e., the stationary
case is recovered. Generically, correlations are maximal
for a = 0 both in sheared and unsheared systems.
C. Perturbative solution for non-zero |x|/ξ with
weak shear
In this subsection we evaluate C(k, t) from Eq. (28) in
order to include effects of a nonzero correlation length
ξ, especially regarding the change of ξ during a quench.
The expression in Eq. (28) can be determined analyt-
ically in the limit of small shear and large |x|/ξ. For
d = 3 we find
8(i) (ii)
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Figure 2. The post-quench correlation function between two points following co-moving trajectories [i.e., their connecting
vector is x(t; γ˙)=x0+y0γ˙tex], in units of (kBTI/mI−kBT/m)/|x0|3. Panel (a) [(b)] reports the results in linear [logarithmic]
scales. Solid lines represent Eq. (34) in the case that the medium is sheared, whereas dashed curves correspond to two points
following the same trajectory x(t), but in an unsheared medium [obtained by setting γ˙ = 0 in Eq. (32), and evaluating the
result at x= x(t; γ˙)]. Thus both the solid and the dashed curves depend on λ˜= λ/|x0| with λ=
√
D/γ˙, but in different
ways. For λ˜= ∞ (zero shear), the solid and the dashed lines coincide, as both reduce to the case of spatially fixed points
in an unsheared medium [Eq. (16)]. For λ˜ 6=∞, the maximum of C depends on a = |x⊥0 ||x0| ∈ [0, 1]. For a = 0, the dashed
curves correspond to the case with λ˜=∞, as x(t) =x0, ∀t, for x⊥0 =0. In panel (b), labelled arrows and thin black curves
show the late-time asymptotes (i) 116√2(pit∗)3/2 , (ii)
√
3/2λ˜2
16pi3/2(t∗)5/2 , and (iii)
exp(−a2t∗/8λ˜2)
16
√
2(pit∗)3/2 . All solid curves for λ˜ 6= ∞ decay
asymptotically as ∝ (t∗)−5/2; differences at early times are shown in the inset. For further details see main text after Eq. (34).
C(d=3)(x, t) = 1|x|3
(
kBTI
mI
− kBT
m
)[
hQ0,0(t∗) + ξ˜2h
Q
0,ξ2(t
∗) + ΩxΩy
λ˜2
hQγ˙,0(t∗) +
ΩxΩy ξ˜2
λ˜2
hQγ˙,ξ2(t
∗)
]
+ kBT
m|x|3
[
ΩxΩy ξ˜2
λ˜2
hSγ˙,ξ2(t∗)
]
+ kBTI
mI |x|3 ∆ξ˜
2
[
hR0,∆ξ2(t∗) +
ΩxΩy
λ˜2
hRγ˙,∆ξ2(t∗)
]
+O (ξ˜4,∆ξ4, λ−4) , (35)
where
hQ0,0(t∗) =
e−
1
8t∗
(8pit∗)3/2 = 4h
Q
γ˙,0(t∗), (36a)
hQ0,ξ2(t
∗) = e
− 18t∗ (48(1− 7t∗)t∗ − 1)
128(8pi)3/2(t∗)9/2 , (36b)
hQγ˙,ξ2(t
∗) = e
− 18t∗ (16(4− 41t∗)t∗ − 1)
512(8pi)3/2(t∗)9/2 , (36c)
hSγ˙,ξ2(t∗) =
3
2pi erfc
(
1
2
√
2
√
t∗
)
+ e
− 18t∗ (12t∗ + 1)
2(8pi)3/2 (t∗)3/2
,
(36d)
hR0,∆ξ2(t∗) =
e−
1
8t∗ (12t∗ − 1)
(8pi)3/216 (t∗)7/2
= 4hRγ˙,∆ξ2(t∗). (36e)
Above, t∗ = t∗|x| [see Eq. (17)], ∆ξ = ξ − ξI reflects
any change in correlation length during the quench,
and ∆ξn ≡ ξn − ξnI . Further, we use l˜ = l/|x| for
l ∈ {ξ, λ,∆ξ}.
Equations (35) and (36) reveal explicitly the origin of
the various contributions due to quenching and shear-
ing. The first line of Eq. (35) is generated by a change of
the ratio kBT/m during the quench (denoted by the su-
perscript “Q”), expanded in terms of small shear and a
large length ratio |x|/ξ. This contribution mostly aligns
with the discussion in Sec. VB, extended by including
finite values of |x|/ξ.
The first term in the second line is the only one with
a nonzero long-time value. This term describes a sys-
tem with shear (denoted by a superscript “S”) starting
at t = 0 in the absence of a quench. It thus relaxes
to the result of Eq. (27), with limt∗→∞ hSγ˙,ξ2(t∗) = 32pi .
The second term in the second line represents relax-
ation (denoted by a superscript “R”) after a quench of
the correlation length ξ itself, as captured by ∆ξ. Con-
cerning the nomenclature for the functions h, subscripts
denote the order of perturbation in shear and correla-
tion length, respectively.
Figure 3 shows the time dependence of the various
amplitudes. Panel (a) provides linear scales, while
9panel (b) displays the long-time behavior on logarith-
mic scales. We see that the steady-state contribution
hSγ˙,ξ2(t∗) is approached algebraically at late times. All
shear-dependent contributions exhibit a dependence on
the orientation of x.
Finally we point out the difference between quenching
the ratio kBT/m and quenching the correlation length
ξ (under the proviso that in an experiment these quan-
tities can be quenched independently): at leading order
(in t∗), a quench of ξ only renders correlations which
decay more rapidly in time than the corresponding cor-
relations due to quenching the ratio kBT/m. (This is
easily inferred from the exponents of the algebraic long-
time tails in Fig. 3.) The spatial algebraic prefactors of
the various contributions in Eq. (35) also differ, so that
(for fixed ξ and λ), the contributions ∝ hQ0,ξ2 and hQ/Rγ˙,0
are shorter-ranged than those ∝ hQ0,0 and hQ/S/Rγ˙,ξ2 .
VI. NON-EQUILIBRIUM FORCES BETWEEN
TWO SMALL INCLUSIONS IN A SHEAR FIELD
Long-ranged correlations give rise to fluctuation-
induced forces between objects which confine the fluc-
tuations [4]. Such forces occurring after a quench have
been analyzed, for instance, in Refs. [26, 27, 33–35]. In
the spirit of the above discussions, we now investigate
post-quench forces between inclusions in shear. We start
by generalizing the formalism of Ref. [35] for the com-
putation of time-dependent non-equilibrium forces after
a quench with shear, and then apply these results to the
case of small inclusions, using the correlation functions
computed above.
A. Nonequilibrium forces with quench and shear:
extending the framework of Ref. [35]
1. General derivation
In the context of model A and model B dynamics,
Dean and Gopinathan derived a formalism for comput-
ing non-equilibrium forces which emerge between im-
mersed objects after a quench in systems described by
bilinear Hamiltonians of the form [35]
H = 12
∫
ddx ddx′ φ(x)∆(x,x′,L)φ(x′). (37)
The force 〈F (t)〉 = −〈∇LH[φ(t)]〉 (averaged over noise
realizations) is computed from the instantaneous con-
figuration of φ, and L is the relevant vector separat-
ing the external objects (e.g., two plates or two finite-
sized inclusions). In Appendix A, we extend this formal-
ism in order to include shear flow. The main result is
that the Laplace transform of the time-dependent (non-
equilibrium) force following a quench can be computed
from an effective equilibrium theory:
〈F (s)〉 = kBT
s
∇L ln[Z(∆(γ˙)s )], (38)
where f(s) = L[f(t)](s) = ∫∞0 dt e−tsf(t) denotes the
Laplace transform of f(t). Equation (38) states that
the non-equilibrium force is given by the equilibrium
force corresponding to an s-dependent Hamiltonian with
∆(γ˙)s = ∆+s(R(γ˙))−1/2, where R(γ˙) = R+S∆−1. Here,
R(x,x′) = µˆA/B(x)δ(x−x′) and S(x,x′) = γ˙y∂xδ(x−
x′) corresponds to the advection term in the Langevin
equation (4). This s-dependent Hamiltonian leads to
the following s-dependent partition sum:
Z(∆(γ˙)s ) =
∫
Dφ e− β2
∫
ddx ddx′φ(x)∆(γ˙)s (x,x
′,L)φ(x′). (39)
Accordingly, the force is obtained by taking the gradient
with respect to the separation L, as stated in Eq. (38).
We emphasize that Eq. (38) rests on the assumption
that the external objects do not alter the shear flow.
This is expected to be valid in the case of plates oriented
parallel to shear, or for the small inclusions which will
be investigated below.
Remarkably, at times long after the quench, the force
in Eq. (38) adopts exactly the equilibrium form,
F (t→∞) = kBT∇L lim
s→0
ln[Z(∆(γ˙)s )], (40)
but with a shear-dependent pseudo-partition sum. In
Eq. (40) and in what follows, we suppress the implied
average for brevity [compare Eq. (38)].
2. Two inclusions of finite size
We now apply this result to determine non-
equilibrium forces between two inclusions with volumes
V1 and V2, respectively, separated by a vector L point-
ing from the first to the second inclusion, in the limit of
large separation (L V 1/di ). We model these inclusions
in terms of local, quadratic contributions to the Hamil-
tonian:
H =
∫
ddx
[κ
2 (∇φ)
2 + m2 φ
2(x)
]
+Hinc, (41)
with the first (bulk) term given in Eq. (1), and where
Hinc =
c1
2
∫
V1
ddxφ(x)2 + c22
∫
V2
ddxφ(x)2 (42)
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Figure 3. Model B with quench and shear: dimensionless amplitudes [Eq. (36)] of the various contributions to the correlation
function given in Eq. (35), displayed on linear (a) and logarithmic (b) scales as functions of t∗ = Dt/|x|2. The contributions
with superscript Q arise from quenching kBT/m; those with superscript R come about upon quenching ξ; hSγ˙,ξ2 captures the
distortion of small inherent correlations (ξ 6=0) by shear. For further details see the main text next to Eqs. (35) and (36).
Figure 4. Two inclusions (volumes V1,2) immersed in a cor-
related fluid, separated by a vector L. For inclusions held
at a fixed relative position, one has L = L0. For inclusions
following a co-moving (advected) trajectory in shear flow,
L = L(t) ≡ L0 + γ˙tL0,yex. The separation of the inclusions
is taken to be much larger than their radii. In this limit, L
becomes independent of the choice of reference points within
Vi to be connected by L.
represents the inclusions in terms of coupling constants
c1 and c2. Accordingly, the above formalism can be
applied. Thus the inclusions are modelled by a contrast
of the mass inside the inclusions relative to the bulk
value m:
m(x) =
{
m+ ci, x ∈ Vi,
m, elsewhere.
(43)
For simplicity, we consider kBTI/mI = 0, i.e., there are
no fluctuations before the quench (corresponding, e.g.,
to a low initial temperature). The quench gives rise
to a non-equilibrium force which can be expressed in
terms of a pseudo-potential V, derived from a cumulant
expansion of Htot (see Appendix A):
V(L, t) = kBT2 α1α2L
−1
s→t
[1
s
(
C(L, s) s m
kBT
)2]
. (44)
Here C(L, s) = L[C(L, t)](s) is the Laplace transform
of the equal-time two-point correlation function in the
bulk, at separation L [see Eq. (A7)], and αi = Vici/m.
The force on the first inclusion is
F (L, t) = −∇LV(L, t). (45)
In Eq. (45), the displacement vector L can depend ex-
plicitly also on time, for instance if one considers the
force between moving objects, as discussed below. This
case will be indicated by L(t), while L0 refers to spa-
tially fixed inclusions.
In the long time limit, one has
V(L, t→∞) = kBT2 α1α2
[
m C(L, t→∞)
kBT
]2
, (46)
so that the force in the steady state with shear can be
inferred easily from the equal-time two-point correlation
function in the bulk, adopting the same form in terms
of correlation functions as in equilibrium.
B. Forces in steady state under shear
Using Eq. (46) and the results of Sec. IV, one can di-
rectly provide the non-equilibrium forces in the steady
state under shear. For model A, the correlations in
Eq. (22) yield the following force vector:
FA(t→∞) = α1α2kBT256pi2|L0|7
e−2/ξ˜
2
λ˜4ξ˜6
×
ΩxΩ2y
[
ξ˜2 − (ξ˜2 + 2)Ω2x]
Ω2xΩy
[
ξ˜2 − (ξ˜2 + 2)Ω2y]
− (ξ˜2 + 2)Ω2xΩ2yΩz
 . (47)
Here L0 denotes the (stationary) vector joining the in-
clusions [compare L(t) in Subsec. VIC 3), the orienta-
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tion of which is captured by Ωα ≡ Ω(L0)α ; see Eq. (23)].
FA(t→∞) decays exponentially for ξ˜ → 0.
For model B, we use Eq. (27) in order to obtain the
steady state force between the inclusions to leading or-
der in shear:
FB(t→∞) = 9α1α2kBT4pi2|L0|7
ξ˜4
λ˜4
Ω2yΩx(1− 5Ω2x)Ω2xΩy(1− 5Ω2y)
−5Ω2xΩ2yΩz
. (48)
Unlike FA, FB(ξ˜ → 0) vanishes according to a power
law. Thus, in model B, shear gives rise to a qualita-
tively relevant steady state force between the inclusions
even for small correlation lengths. Strikingly, and in
stark contrast to equilibrium steady states, the conser-
vation laws of the underlying dynamics strongly influ-
ence the phenomena observed in shear-induced steady
states. We also note that, in general, neither FA nor
FB are parallel to L0; this also differs from the equilib-
rium case where, by symmetry, the forces are necessarily
along the separation vector [26, 35].
C. Forces after quenches
In this subsection we compute time-dependent forces between the two inclusions after a quench. We focus on the
limit of vanishing ξ, in which no post-quench correlations are observed within model A. Accordingly, the remaining
analysis proceeds in terms of model B dynamics; henceforth, the corresponding subscript “B” for the force will be
dropped.
1. Prerequisites
In order to compute the time-dependent force after quenching, the Laplace transform of the correlation function
is required. For two points in the bulk at large separations compared to the correlation length, i.e., |x|/ξ  1, the
Laplace transform of Eq. (33) reads, in terms of an expansion for small shear rates:
C(x, s) = −kBTe
−
√
s∗√
2
8piDm|x|
[
1 + ΩxΩy
4λ˜2
+
3
√
2 (s∗)3/2 Ω2xΩ2y + 2s∗
(
Ω2x − 3Ω2y
)− 2√2s∗ − 4
96
√
2 (s∗)3/2 λ˜4
]
+O(λ˜−6), (49)
where s∗ = |x|2s/D is the rescaled, dimensionless Laplace variable, and Ωα ≡ Ω(x)α [see Eq. (23)]. Using Eqs. (44),
(45), and (49), the force is expanded in terms of powers n of the shear rate:
F (L, t) =
∑
n≥0
F (n), (50)
where the vector L connects the first inclusion to the second one. Equation (50) is obtained by evaluating the
relevant correlation functions at x = L. First we consider the force between two inclusions which are placed at
fixed positions (L = L0). In a second step, we provide the force between two inclusions advected by the shear flow
(L = L(t)).
2. Post-quench force between inclusions at fixed positions
We now consider the dynamics of the force given in
Eq. (48). In accordance with Eq. (50), at order n, the
force between the two (stationary) inclusions is
F (n)s =
α1α2kBT
|L0|7−2nλ2nf
(n)(t∗). (51)
The subscript “s” has been introduced in order to dis-
tinguish the present case of stationary inclusions from
the co-moving inclusions considered in Subsec. VIC 3.
Regarding notation, we note that here (and in the fol-
lowing subsections) the vector L0 sets the length scale
relative to which we define λ˜ = λ/|L0| and the diffusive
time t∗|L0| = Dt/|L0|2 [see Eq. (17)]; henceforth this
dependence will not be indicated explicitly. The com-
ponents f (n)α (t∗) of the vector f (n) = (f (n)x , f (n)y , f (n)z )
are dimensionless, time-dependent functions. The first
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Figure 5. The force F (0)s (L0, t) between two inclusions fol-
lowing a quench, but in the absence of shear. The inclusions
are held at fixed points, separated by the vector L0 [see
Eqs. (50-52)]. Here, t∗ = Dt/|L0|2 represents the time axis
rescaled by the diffusive time scale across the distance |L0|.
The force is parallel to the separation vector L0 with unit
vector eL0 = L0/|L0|. Inset: Squared magnitude |F (0)s |2 of
the force (in the absence of shear) as function of t∗.
Figure 6. The lowest order shear correction F (1)s [Eqs. (51)-
(54)] to the force between two stationary inclusions following
a quench. The inclusions are separated by the vector L0,
and t∗ = Dt/|L0|2. The azimuthal (θ) and polar (ϕ) angles
describe the orientation of L0.
few orders of Eq. (50) can be computed explicitly:
f (0)α (t∗) =
e−1/2t
∗ (1− t∗ (3t∗ + 4)) Ωα
256
√
2pi5/2 (t∗)9/2
,
f
(1)
x/y(t
∗) =
e−1/2t
∗Ωy/x
512
√
2pi5/2 (t∗)9/2
[
1 + 3 (t∗)2
− (t∗ (3t∗ + 4)− t∗) Ω2x/y
]
,
f (1)z (t∗) =
e−1/2t
∗ (1− t∗ (3t∗ + 4)) ΩxΩyΩz
512
√
2pi5/2 (t∗)9/2
. (52)
In the following, Ωα ≡ Ω(L0)α = L0,α/|L0| denotes the
angular part of the components of L0 [see Eq. (23)]. The
functions f (2)α (t∗) are more cumbersome and are given
in Eq. (B1) in Appendix B. Equation (51) displays the
power law dependences of the forces on |L0| and λ, with
the limit λ |L0| being implied throughout (recall the
discussion of weak shear in Subsec. II B 3).
At late times after the quench, the components of the
force decay algebraically in time:
f (0)α (t∗  1) =
−3Ωα
256
√
2pi5/2 (t∗)5/2
,
f
(1)
x/y(t
∗  1) =
3
(
1− Ω2x/y
)
Ωy/x
512
√
2pi5/2 (t∗)5/2
,
f (1)z (t∗  1) =
−3ΩxΩyΩz
512
√
2pi5/2 (t∗)5/2
. (53)
From Eqs. (51) and (52) we can construct the magnitude
and the unit vector of each order contributing to the
force. Introducing N (n) = α1α2kBT/(|L0|7−2nλ2n), we
find
|F (0)s (t∗  1)|
N (0) =
3
2 (8pit∗)5/2
,
|F (1)s (t∗  1)|
N (1) =
3
√
Ω2x
(
1− 3Ω2y
)
+ Ω2y
4 (8pit∗)5/2
,
|F (2)s (t∗  1)|
N (2) =
3
36(8pi)5/2
√
t∗
. (54)
While the zeroth- and first-order shear corrections
decay as (t∗)−5/2 at late times after the quench, the
second-order correction decays more slowly as (t∗)−1/2.
This is a remnant of Eq. (33), which shows that higher
orders in shear are important at late times. Shear thus
appears to dominate forces at late times. However, this
regime is not accessible within the present approach. In-
deed, Eq. (33) (evaluated at x = L0) provides the condi-
tion for the crossover between the regimes of weak shear
at short times and strong shear at late times, which must
be satisfied for the expansion in Eq. (51) to hold.
In Fig. 5 we show the time-dependent components of
the force at zeroth order in shear. This limit corresponds
to the result in Ref. [26] for the post-quench force in a
homogeneous system. Due to diffusing correlation fronts
passing the inclusions [26] (also see Fig. 1), the force
changes sign at the reduced time
t∗sgn =
1
3
(√
7− 2
)
' 0.215. (55)
In the absence of shear, the force is parallel to the sepa-
ration vector L0. With shear, the force is modified. Fig-
ure 6 shows the magnitude of the first shear correction.
This correction depends sensitively on the orientation of
L0, and is maximal when L0 lies in the x-y plane, i.e.,
for ϑ = pi/2. Additionally, a larger separation along
the y-axis implies a corresponding larger difference in
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shear velocity. The sign of this correction depends, in-
ter alia, on the orientation of L0, i.e., on ϑ, ϕ, and t∗.
Accordingly, the inclusions may experience an increase
or decrease of the force due to shear, depending on their
orientation relative to the shear plane.
The angle between L0 and Fs(L0, t) is determined by
the unit separation and force vectors:
cos δs = Fˆs · Lˆ0 ∈ [−1, 1]. (56)
Using Eq. (52), Eq. (56) is expanded in terms of powers
of the shear rate γ˙ = D/λ2:
cos δs = sgn (t∗ (3t∗ + 4)− 1)
[
1+
(1− 3t∗)2 (t∗)2 (Ω2x (4Ω2y − 1)− Ω2y)
8λ˜4 (t∗ (3t∗ + 4)− 1)2
]
+O(λ˜−6). (57)
The lowest order represents the change of sign as it oc-
curs in the absence of shear [see Eq. (55)]. Due to sym-
metry, δs does not carry a first-order shear correction
∝ λ˜−2. The second-order shear correction in δs displays
a singularity at t∗ = t∗sgn, associated with the divergence
of the normalization of the unit vectors in Eq. (56), so
that the weak-shear expansion becomes invalid. The
angle between the force and the vector connecting the
inclusions depends on the orientation of L0 as well as on
time, because the post-quench correlations are distorted
by shear and the magnitude of this distortion depends
on the position of the inclusions in the shear field. For-
mally, one can compute the angle at long times from
Eq. (56) by taking limt∗→∞ Fˆs · Lˆ0; this renders [63]
lim
t∗→∞ cos δs = Ωxsgn(Ωy). (58)
Thus the final angle of the force formed with L0 ap-
pears to be independent of many details. However, the
detailed study of this regime of late times requires in-
vestigative tools which go beyond those employed here.
In summary, depending on the orientation of L0, the
distortion of the post-quench correlations by shear can
either increase or decrease the strength of the post-
quench force between the inclusions. In addition, the
angle between the separation vector of the inclusions
and the force gains a dependence on time (due to the
evolution of sheared correlations) and on the orientation
of the inclusions.
3. Post-quench force between two inclusions advected by
shear flow
In a typical experimental setup, the inclusion may
be advected by the shear flow. In the following we shall
study this scenario for two cases. In addition to the force
Fc-m,γ˙(L(t), t) ≡ Fs(L0 → L(t), t) between advected
inclusions in the sheared fluid, we shall also compute the
force Fc-m,0(L(t), t) ≡ F (0)s (L0 → L(t), t) between two
inclusions following the same advected trajectories, but
in a system in which the correlated fluid is not sheared.
(In both cases the subscript “c-m” refers to co-moving
inclusions.) This allows us to disentangle the effects
of motion of the inclusions and those of shearing the
post-quench correlations in the fluid. In both cases, the
displacement vector is L(t) = L0 + γ˙L0,ytex. As before,
one has λ˜ = λ/|L0| and t∗ = Dt/|L0|2. For the orders
in shear, we obtain (see Fig. 7)
F
(n)
c-m,0 =
α1α2kBT
|L0|7−2nλ2n g
(n)(t∗) (59)
and
F
(n)
c-m,γ˙ =
α1α2kBT
|L0|7−2nλ2nh
(n)(t∗). (60)
The components g(n)α (t∗) and h(n)α (t∗) can be obtained
from f (n)α (t∗) as given in Eqs. (52) and (B1). For com-
pleteness, the explicit expressions for n = 0, 1, 2 are pro-
vided in Eqs. (B2) - (B5) in Appendix B. In those ex-
pressions, the quantity Ωα ≡ L0,α/|L0| and thus the
angles are given with respect to the initial separation
vector. At zeroth order in γ˙, both forces in Eqs. (59)
and (60) naturally reduce to the force between station-
ary inclusions in an unsheared medium.
At the various orders of the shear expansion, the
forces in Eqs. (59) and (60) can also be decomposed into
magnitudes and unit vectors. The results of this proce-
dure are shown in Fig. 7 for the first- and second-order
corrections to |Fc-m,0| and |Fc-m,γ˙ |. These corrections
clearly display a dependence on the initial orientation
of L(t) (i.e., the orientation of L0 described in terms
of ϑ and ϕ). The corrections are always maximal for
ϑ = pi/2, i.e., if L0 lies in the x− y plane. We find that,
at late times, |F (1)c-m,0| and |F (1)c-m,γ˙ | approach the same
asymptotes [see Eq. (61)]. Indeed, the shear corrections
of the forces acting on the co-moving inclusions relax
more slowly at long times than the shear-free contribu-
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Figure 7. Magnitudes of the first- (a) and second- (b) order shear correction of the post-quench force between two co-moving
inclusions [connected by the vector L(t) = L0 + γ˙L0,ytex] shown as functions of the rescaled time t∗ = Dt/|L0|2. Dashed
lines correspond to the system in which the medium is unsheared [|Fc-m,0| from Eqs. (59) and (B2)], while solid curves
represent the case of a sheared medium [|Fc-m,γ˙ | from Eqs. (60) and (B4)]. The azimuthal (ϑ) and polar (ϕ) angles describe
the orientation of the (initial) vector L0 connecting the inclusions.
tion. Explicitly we find [compare Eq. (54)]
|F (0)c-m,0(t∗  1)| = |F (0)s (t∗  1)| ∼ (t∗)−5/2,
|F (1)c-m,0(t∗  1)|
N (1) =
3
√
(3Ω2x + 1) Ω2y
256
√
2pi5/2 (t∗)3/2
,
|F (2)c-m,0(t∗  1)|
N (2) =
9
√
(5Ω4x − 2Ω2x + 1) Ω4y
4(8pi)5/2
√
t∗
,
|F (0)c-m,γ˙(t∗  1)| = |F (0)s (t∗  1)| ∼ (t∗)−5/2,
|F (1)c-m,γ˙(t∗  1)| = |F (1)c-m,0(t∗  1)| ∼ (t∗)−3/2,
|F (2)c-m,γ˙(t∗  1)|
N (2) =
1
1536
√
2pi5/2
√
t∗
[
54
(
3Ω2x − 1
)
Ω2y
+729
(
5Ω4x − 2Ω2x + 1
)
Ω4y + 1
]1/2
. (61)
We conclude that at first order in shear, the force
at late times is affected more strongly by the motion
of the co-moving particles than by the shearing of the
post-quench correlations. However, in the intermedi-
ate regimes, the two contributions differ with respect
to their time-dependence. In turn, at second order, the
correction to |Fc-m(t∗  1)| differs for the unsheared
and the sheared system. This indicates that the com-
bined effect of shearing and co-motion is visible at sec-
ond order in shear at late times. Furthermore, shear
corrections for the co-moving particles (for both the
unsheared and the sheared system) relax more slowly
at late times than those of the stationary inclusions
[compare Eqs. (54) and (61)]. For both the unsheared
and sheared system, successive orders in the shear cor-
rections are longer-lived, decaying with ever increasing
powers of t∗. As mentioned before, this indicates that
the shear expansion is invalid at late times [also see
Eq. (33)]. Consequently we also expect the angle be-
tween the force and L(t) to be determined by the shear
corrections at late times, provided that λ is large enough
for the expansion to be valid in that regime.
Therefore we consider the angular dependence of
these forces explicitly. The time-dependent unit vector
connecting the two co-moving inclusions is Lˆ(t) =(
t∗Ωy
λ˜2
+ Ωx,Ωy,Ωz
)
/
√
1 + 2ΩxΩyt∗/λ˜2 +
(
t∗Ωy/λ˜2
)2.
Thus the angle δc-m,0/γ˙ between the force and the
inclusions is determined by
cos δc-m,0/γ˙ = Fˆc-m,0/γ˙ · Lˆ(t). (62)
For non-zero shear, the shear flow separates the inclu-
sions along the x axis [limt∗→∞ Lˆ(t) = sgn(Ωy)ex]. [We
note that the operations of switching off shear (λ˜→∞)
and taking the late-time limit (t∗ → ∞) do not com-
mute.] As in Eq. (57), we expand the scalar product in
Eq. (62) in orders of λ˜−2, which renders
cos δc-m,0 = sgn (t∗ (3t∗ + 4)− 1) (63)
and
cos δc-m,γ˙ = cos δs +O(λ˜−6). (64)
Therefore in the unsheared system, Fc-m,0 is always par-
allel to the vector L(t) connecting the inclusions, which
is a welcome cross check of our computations. In turn,
at the expansion orders provided [compare Eq. (57)],
the angle between L(t) and Fc-m,γ˙ is the same as the
one between L0 and Fs.
VII. CONCLUSIONS AND PERSPECTIVES
We have presented a systematic Gaussian study of
spatial correlation functions as they occur after a quench
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in a sheared fluid. The quantity undergoing a quench
could be either kBT/m, i.e., the temperature and/or the
compressibility of the fluid, or the correlation length ξ,
or a combination of both. We have studied the sheared
post-quench dynamics in the limit of small ξ, and as a
function of the shear-induced length scale λ =
√
D/γ˙.
The presence (model B) or absence (model A) of the
conservation of density fluctuations φ strongly influ-
ences correlations and forces. Our findings can be sum-
marized as follows:
1. In a steady state, correlations under weak shear with
dissipative dynamics decay as e−1/ξ for ξ→0, as it is
the case in equilibrium. In contrast, for conserved dy-
namics, the steady state correlation function displays
long-ranged correlations which vanish algebraically
for ξ→0. Thus shear produces quantitative and qual-
itative corrections to correlation functions in systems
with conserved dynamics.
2. Regarding shearing and quenching in systems with
conserved dynamics, we observe long-ranged tran-
sient correlations, which are distorted by shear.
Time-dependent correlation functions have been
computed for various scenarios. (i) For vanishing ξ,
we have obtained closed-form expressions, valid for
all shear rates. Shear distorts the fronts of diffusively
relaxing correlations (see Fig. 1), so that points can
be more strongly or more weakly correlated than in
an unsheared medium, depending on their displace-
ment relative to the shear flow. (ii) Correlations be-
tween two points following an advected trajectory de-
pend strongly on the initial displacement between the
points (see Fig. 2). (iii) For non-zero values of ξ, the
different contributions to the post-quench correlation
function due to quenching kBT/m or ξ, as well as
their dependence on weak shear, have been identified
(see Fig. 3). At leading order, terms stemming from
quenching kBT/m decay more slowly than those aris-
ing from a quench of ξ.
3. We have extended the formalism of Ref. [35] for com-
puting post-quench fluctuation-induced forces, in or-
der to include shear. This description applies to both
the time-dependent and the steady state forces fol-
lowing a quench under shear, and can be used for a
variety of geometries (e.g., parallel plates), thereby
opening perspectives for numerous future research
projects. Here, the formalism was applied to the force
between finite-sized inclusions (as sketched in Fig. 4),
rendering a far-field force with properties resembling
those of the aforementioned correlations.
4. In contrast to a homogeneous system, transient as
well as steady state post-quench forces in a sheared
medium are not parallel to the vector connecting the
inclusions. Indeed, the forces depend strongly (both
in magnitude and direction) on the (initial) relative
orientation of the inclusions.
5. In a steady state with weak shear, forces decay ex-
ponentially as ξ→ 0 for model A, but algebraically
for model B. In both cases, the orientation of the in-
clusions relative to the flow affects the magnitude as
well as the direction of the force. The conservation
law of the underlying dynamics therefore influences
the observed non-equilibrium steady states; this dif-
fers strongly from equilibrium phenomena which are
independent of the type of dynamics.
6. Transient post-quench forces have been studied for
the following cases: (i) static inclusions in a sheared
medium, (ii) inclusions advected with the shear flow,
and (iii) inclusions following advected trajectories in
an unsheared medium. In the absence of shear, all
cases reduce to the known result for a homogeneous
system (see Fig. 5). All forces are long-ranged, decay-
ing algebraically with the (initial) vector L0 connect-
ing the inclusions, as L−7+2n0 λ−2n at the nth order
in the shear rate γ˙. Figures 6 and 7 summarize the
angular and temporal dependence of the forces.
We conclude that conservation laws play an im-
portant role in determining the character of non-
equilibrium correlations. For conserved dynamics,
quenches give rise to long-ranged effects, both in the
transient and in the steady state regimes, even in the
limit of small correlation lengths. If in addition the
medium is sheared, strong spatial and orientational vari-
ations of fluctuation phenomena are observed. Based
on this knowledge, correlations (and the associated
fluctuation-induced forces) can be selectively enhanced
or diminished.
The phenomena studied here are expected to have
a large variety of experimental realizations, either for
passive fluids under shear without a quench, or for ac-
tive matter for which quenches can easily be introduced
in addition. Indeed, non-equilibrium rheology is being
explored experimentally and theoretically [64]. In par-
ticular, our findings are an important step toward har-
nessing the combination of fluctuation effects and shear
in order to engineer interactions, e.g., between colloidal
particles in correlated, quenched fluids. As far as phys-
ical realizations of quenches are concerned, suspensions
of colloidal particles with tunable interactions [49] are
promising candidates.
Future studies may address the role of momen-
tum conservation (corresponding to the so-called model
H [32]). This would facilitate a connection to Refs. [18,
29, 30] which deal with fluctuation phenomena in hy-
drodynamic systems subject to shear. The above for-
malism can also be applied to forces in other geometries
(e.g., thin films), so that other experimentally relevant
setups (such as fluctuating wetting films) can be ex-
plored in the future. Extending the above formalism
to time-dependent (e.g., oscillatory) shear would pro-
vide a further avenue for theoretical exploration and
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would potentially allow one to make contact with ex-
periments [64].
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Appendix A: Extension of the formalism in
Ref. [35] to include shear
In general, Gaussian Hamiltonians can be cast into
the form
H = 12
∫
ddxddx′ φ(x)∆(x,x′,L)φ(x′), (A1)
so that, e.g., the Hamiltonian with inclusions [Eq. (41)]
corresponds to the kernel
∆(x,x′,L) =
[− κ∇x · ∇x′ +m(x)]δ(x− x′), (A2)
where m(x) is given in Eq. (43) and L is the separa-
tion vector of the inclusions. More generally, ∆ may
also incorporate boundary conditions for the surfaces
of immersed objects [35]. The framework presented in
Ref. [35] can be used to compute forces between objects
which can be cast in terms of ∆. Then, as in Eq. (A2),
∆(x,x′,L) gains a dependence on the separation vec-
tor L of the objects. In thermal equilibrium, the force
between the external objects can be computed from the
partition function
〈F 〉 = kBT∇L ln[Z(∆)], (A3)
with Z(∆) =
∫ Dφ e− β2 ∫ ddx ddx′φ(x)∆(x,x′,L)φ(x′).
Turning to dynamics, the Langevin equation with
shear [see Eq. (4)] can be written as
∂tφ(x, t) = −R(x,x′) δH
δφ(x′) + S(x,x
′)φ(x′) + η(x, t)
= −R(γ˙)∆(x,x′)φ(x′) + η(x, t) (A4)
upon introducing the operator notation AB(x,x′) ≡∫
ddx′′ A(x,x′′)B(x′′,x′) (integration over repeated co-
ordinates is implied). Here R encodes dissipative or
conserved dynamics for φ (i.e., model A or B), and
can be mapped onto Eq. (6) according to R(x,x′) =
µˆA/B(x)δ(x − x′). Due to the fluctuation-dissipation
theorem, R also appears in the noise correlator:
〈η(x, t)η(x′, t′)〉 = 2kBTδ(t− t′)R(x,x′). (A5)
The operator S(x,x′) = γ˙y∂xδ(x − x′) represents the
advection term for simple shear, and R(γ˙) = R+S∆−1.
For a given configuration of φ(x), the mean force can
also be computed directly from the Hamiltonian:
〈F (t)〉 = −〈∂LH〉
= −kBT2
[∇L∆(x,x′,L)]∆−1(x,x′,L), (A6)
due to the relation C(x) = 〈φ(x)φ(x′)〉 =
kBT∆−1(x,x′,L). Inspired by the analysis in Sec. II A
in Ref. [35], the equivalence of Eqs. (A3) and (A6) can
be exploited for instantaneous configurations of the field
φ(x, t). First, we note that, for a quench from TI = 0 to
T , the (temporal) Laplace transform of the correlation
function C(x, t) from Eq. (13) can be written as
C(s)= kBT
s
[
∆+ s(R
(γ˙))−1
2
]−1
= kBT
s
(∆(γ˙)s )−1. (A7)
This implies that, according to Eq. (38), the time-
dependent (non-equilibrium) forces emerging after a
quench can be computed from an effective equilibrium
theory. For γ˙ = 0, our results reduce exactly to those
of Ref. [35]. However, the analysis holds also for γ˙ 6= 0,
because Eq. (A4) is still a linear Langevin equation and
S has a local kernel ∝ δ(x − x′) for simple shear, i.e.,
γ˙ = const. From ∆(γ˙)s [see below Eq. (38)] one infers
that the source of LRCs can be either the inherent cor-
relations manifest in the Hamiltonian (via ∆), or the
presence of a conservation law (via R).
As stated, the above arguments also apply to the force
acting between two inclusions separated by a vector L.
In thermal equilibrium, inclusions induce an additional
contribution ∆F = kBT ln ZHZH−Hinc to the free energy
of the system, with the total and inclusion Hamiltoni-
ans H [Eqs. (41)] and Hinc [Eq. (42)], respectively, and
where ZH =
∫ Dφ e−βH[φ]. For |L|  V 1/di , an effective
potential between the inclusions can be constructed via
a cumulant expansion, which yields, after some Wick
contractions,
V(L, t) = kBTc1c2V1V22 〈φ(0, t)φ(L, t)〉
2
. (A8)
This is in line with the arguments employed for com-
puting equilibrium thermal Casimir forces between
quadratically coupled inclusions in a near-critical fluid
(see, e.g., Refs. [65–67]). However, because Hinc is
Gaussian, too, the above Laplace transform formal-
ism can be applied in order to compute the (time-
dependent) non-equilibrium potential after a quench.
For L V 1/di , Eq. (44) is exactly recovered.
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Appendix B: Shear corrections to forces between inclusions
Below we provide the contributions to the shear rate expansion of the forces between two inclusions, as discussed
in Sec. VI. For stationary inclusions immersed in a sheared fluid with post-quench correlations, F (2)s in Eq. (51)
has the following vector components:
f (2)x (t∗) =
e−
1
2t∗ Ωx
(
3Ω2y
(
(1− t∗ (3t∗ + 4)) Ω2x + t∗ (t∗ (t∗ + 8)− 3)
)− t∗ ((t∗ (t∗ + 2)− 1) Ω2x + 4((t∗)3 + t∗)))
6144
√
2pi5/2 (t∗)9/2
,
f (2)y (t∗) =
e−
1
2t∗ Ωy
(
t∗
(
(t∗)2 + 2t∗ − 1
) (
3Ω2y − 4t∗
)− Ω2x (3(3 (t∗)2 + 4t∗ − 1)Ω2y + t∗ ((t∗)2 − 16t∗ + 5)))
6144
√
2pi5/2 (t∗)9/2
,
f (2)z (t∗) =
e−
1
2t∗
6144
√
2pi5/2 (t∗)9/2
Ωz
(
3Ω2y
(
(1− t∗ (3t∗ + 4)) Ω2x + t∗ (t∗ (t∗ + 2)− 1)
)
− t∗
(
(t∗ (t∗ + 2)− 1) Ω2x + 2t∗
(
2 (t∗)2 + t∗ + 1
)))
. (B1)
For inclusions following the trajectory of a shear flow, embedded in an unsheared fluid with post-quench forces,
F
(n)
c-m,0 in Eq. (59) has the vector components (α = x, y, z)
g(0)α (t∗) = f (0)α (t∗),
g(1)x (t∗) =
e−
1
2t∗ Ωy
256
√
2pi5/2 (t∗)9/2
((
3t∗
(
2 (t∗)2 + t∗ + 2
)
− 1
)
Ω2x − t∗ (t∗ (3t∗ + 4)− 1)
(
Ω2y + Ω2z
) )
g(1)y (t∗) =
e−
1
2t∗ (t∗ (t∗ (9t∗ + 7) + 5)− 1) ΩxΩ2y
256
√
2pi5/2 (t∗)9/2
,
g(1)z (t∗) =
e−
1
2t∗ (t∗ (t∗ (9t∗ + 7) + 5)− 1) ΩxΩyΩz
256
√
2pi5/2 (t∗)9/2
(B2)
at zeroth and first order in shear, respectively, and
g(2)x (t∗) =
e−
1
2t∗ ΩxΩ2y
(
3t∗ (t∗ (t∗ (9t∗ + 7) + 5)− 1)− (3t∗ (t∗ (5t∗ (3t∗ + 2) + 4) + 2)− 1) Ω2x
)
512
√
2pi5/2 (t∗)9/2
,
g(2)y (t∗) =
e−
1
2t∗ Ω3y
(
t∗ (t∗ (t∗ (9t∗ + 7) + 5)− 1)− (3t∗ (t∗ (5t∗ (3t∗ + 2) + 4) + 2)− 1) Ω2x
)
512
√
2pi5/2 (t∗)9/2
,
g(2)z (t∗) =
e−
1
2t∗ Ω2yΩz
(
t∗ (t∗ (t∗ (9t∗ + 7) + 5)− 1)− (3t∗ (t∗ (5t∗ (3t∗ + 2) + 4) + 2)− 1) Ω2x
)
512
√
2pi5/2 (t∗)9/2
(B3)
at second order in shear. Lastly, for comoving inclusions embedded in the system with correlations subject to shear,
F
(n)
c-m,γ˙ in Eq. (60) has the vector components
h(0)α (t∗) = f (0)α (t∗),
h(1)x (t∗) =
e−
1
2t∗ Ωy
(
(t∗ (t∗ (18t∗ + 11) + 6)− 1) Ω2x − t∗ (t∗ + 1) (6t∗ − 1)
)
512
√
2pi5/2 (t∗)9/2
,
h(1)y (t∗) = −
e−
1
2t∗ Ωx
(
t∗
(− (t∗ (18t∗ + 11) + 6) Ω2y − 3t∗ + 1)+ Ω2y)
512
√
2pi5/2 (t∗)9/2
,
h(1)z (t∗) =
e−
1
2t∗ (t∗ (t∗ (18t∗ + 11) + 6)− 1) ΩxΩyΩz
512
√
2pi5/2 (t∗)9/2
(B4)
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at zeroth and first order in shear, respectively, and
h(2)x (t∗) =
−e− 12t∗ Ωx
6144
√
2pi5/2 (t∗)9/2
{
3Ω2y
[
(t∗ (t∗ (12t∗ (15t∗ + 7) + 23) + 8)− 1) Ω2x − t∗ (t∗ (t∗ (108t∗ + 49) + 20)− 3)
]
+ t∗
(
(t∗ (t∗ + 2)− 1) Ω2x + 4
(
(t∗)3 + t∗
))}
,
h(2)y (t∗) =
−e− 12t∗ Ωy
6144
√
2pi5/2 (t∗)9/2
{
3Ω2y
[
(t∗ (t∗ (12t∗ (15t∗ + 7) + 23) + 8)− 1) Ω2x − t∗ (t∗ (t∗ (36t∗ + 17) + 6)− 1)
]
+ t∗
(
(t∗ (37t∗ + 32)− 7) Ω2x + 4t∗ ((t∗ − 7) t∗ + 2)
)}
,
h(2)z (t∗) =
−e− 12t∗ Ωz
6144
√
2pi5/2 (t∗)9/2
{
3Ω2y
[
(t∗ (t∗ (12t∗ (15t∗ + 7) + 23) + 8)− 1) Ω2x − t∗ (t∗ (t∗ (36t∗ + 17) + 6)− 1)
]
+ t∗
(
(t∗ (t∗ + 2)− 1) Ω2x + 2t∗
(
2 (t∗)2 + t∗ + 1
))}
(B5)
at second order in shear.
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